Abstract. A bounded linear operator T on a Banach space X is called subspace-hypercyclic if there is a subspace M X and a vector x ∈ X such that orb (x, T ) ∩ M is dense in M . We show that every Banach space supports subspace-hypercyclic operators and provide a new criteira for subspace-hypercyclic operators, generalizing a previous result from Le [6] .
Definition 1. Let X, Y be Banach spaces and T ∈ B(X), S ∈ B(Y ).
We say that T is quasiconjugated to S (via φ) if there exists a continuous map φ : X → Y with dense range such that φ • T = S • φ.
Definition 2. An operator T ∈ B(X) is called weakly mixing if the operator T ⊕ T is hypercylic on X ⊕ X.
It is an easy exercise to show that if T is hypercyclic and quasiconjugated to S, then S is hypercyclic. The same goes for the weakly-mixing property (and as well some other properties). Also, a well-known result from Bès and Peris [2] states that the weakly-mixing property is equivalent to the Hypercyclicity Criterion.
With these definitions and aware of the results stated in the last paragraph, we may now prove the main theorem of this section:
Theorem 1. Every infinite dimensional Banach space admits a subspace-hypercyclic operator.
Proof: The argument here is almost the same as the one used by Bonet and Peris in [3] . As discussed in the introduction, we may only consider X nonseparable.
Using a widely known result from Mazur, let M X be an infinite-dimensional separable closed subspace. Since M is closed, we can look at M as a Banach space itself. Hence, using the famous theorem from Ovsepian and Pełczyński [8] , we obtain sequences {x n }
Using the Hahn-Banach theorem, we can extend each x * n to X. To simplify what comes next, each extension will also be denoted as x * n ∈ X * . Note that x * n M still satisfy conditions (i), (iii) and (iv) above.
Define T : X → X as
It is clear that T is linear. Using the conditions above, we have that T is bounded. Surely, by the Hahn-Banach theorem, we have that
we have:
It is clear that
(y n )x n and y n ∈ M , this shows that T y n ∈ M . Now, as T is continuous and M is closed, we have that T (m) ∈ M , as desired. Hence the operator
Note that S is a mixing pertubation of the identity, hence hypercyclic.
It is easy to see that φ is bounded and, looking back at the item (iv) above, have dense range. Now, we have that:
One can notice that if we were given the closed and separable subspace M beforehand, we don't need to use Mazur's theorem at all -we can use the Ovsepian-Pełczyński theorem directly on said subspace M . With that in mind, we obtain an alternative version of our main theorem:
Then there is a bounded linear operator T that is M -hypercyclic.
In the case that X is separable, it isn't clear if the operator constructed in the Theorem 1 (that is obviously the same obtained in the theorem above) is hypercyclic. As the next theorem will show, if X is separable, we have a better claim than the one provided by the last theorem: Theorem 3. Let X be separable and M = X an infinite-dimensional closed subspace. Then there exists an invertible operator T ∈ B(X) such that T is M -hypercyclic and it satisfies the Hypercyclicity Criterion.
Proof: By the Ansari-Bernal theorem, there exists an invertible operator S ∈ B(X) such that S satisfies the Hypercyclicity Criterion. Hence, by a theorem from Subrahmonian Moothatu [10] , there exists an invertible operator R ∈ B(X) such that S is R(M )-hypercyclic. Let z be a R(M )-hypercyclic vector for S.
Consider now
By the definition of T , it is clear that T is invertible. Also, since T • R −1 = R −1 • S and R −1 is continuous with dense range, it follows that S is quasiconjugated to T . As S is weakly mixing, so is T . Therefore T satisfies the Hypercyclic Criterion. 
A New Criteria for Subspace-Hypercyclicity
When Madore and Martínez-Avendaño introduced the concept of subspace-hypecyclicity in [7] , they immediately proved a Subspace-Hypercyclicity Criterion, clearly based on its hypercyclic counterpart. Later, Can Le made in [6] another criteria for subspace-hypercyclicity. The difference between both criteria is simple: the conditions imposed on Le's Criterion are more strict (for example, injective operators can't satisfy Le's Criterion) but it's claim is way better, as we shall see later.
In [5] , the authors provided an example of a subspace-hypercyclic operator T such that orb (x, T )∩ M is somewhere dense in M but not everywhere dense in M . Their example helped us devise a new criteria for subspace-hypercyclicity. Before showing our new criteria, we first need the following definition:
Definition 3. If T is a bounded linear operator, then the generalized kernel of T is defined as
ker * (T ) := ∞ m=1 ker(T m )
Theorem 4. Let T ∈ B(X). Assume that there exists an infinite-dimensional separable closed subspace M such that ker
* (T ) ∩ M is dense in M , a map A : ker * (T ) → ker * (T ) and an increasing sequence (m k ) k≥1 ⊆ N such that: (i) A m k x → 0 for every x ∈ ker * (T ) ∩ M . (ii) A m k x ∈ ker * (T ) ∩ M for every x ∈ ker * (T ) ∩ M . (iii) m j − m i ∈ (m k ) k≥1 for all i < j. (iv) (T • A)x = x for all x ∈ ker * (T ) ∩ M . Then T is M -hypercyclic. Proof: Let (x k ) k≥1 ⊆ ker * (T ) ∩ M be a dense sequence in M .
Claim. There exists an increasing subsequence
for all i ≥ 1.
Indeed, let us start with k = 1. Given ε = 2 −1 , using
k=1 . Just like we did it before, we can find m kt , m k * t such that A m j x t < 2 −t , for all j ≥ k t and A m j x t+1 < 2 −(t+1) , for all j ≥ k * t . Also, there is p t ≥ 1 such that x t ∈ ker(T pt ). Taking m jt ≥ max{m kt , m k * t , p t , 2m j t−1 }, we have that m jt satisfies all four desired conditions.
Note now that
M . This clearly shows that T is M -hypercyclic, as desired.
• T m j k x ∈ M .
Fix k ≥ 1. Using condition (iv), we have that
• {T
Using (1), we have:
As we saw earlier, we have that
Since m j k+1 /m j k ≥ 2 for all k ≥ 1, we have that
By condition (iii), we have m j i − m j k ∈ (m k ) k≥1 . Hence, denoting m j i − m j k = m l , from the last inequality we obtain m l > m j i−1 . If a i ≥ 1 is such that l = j i−1 + a i , we obtain
by construction. Finally:
It's not hard to see that, if T and M satisfy our criteria and X is separable, then T and M also satisfy the Subspace-Hypercyclicicty Criterion. Hence, it's fair to ask about the usefulness of the above criteria. As we said in the introduction, this criteria generalizes a result from Le [6] . In order to facilitate what we are going to discuss, let us first recall the aforementioned result:
Theorem 5 (Le's Criterion, [6] ). Let T be a bounded linear operator on a separable Banach space X such that ker * (T ) is dense in X and there exists a map A : ker
Then T is M -hypercyclic for all finite co-dimensional subspaces M .
Also, as one can easily realize, Theorem 4 can be used in any Banach space, whereas Le's Criterion can only be applied on separable spaces. However, this isn't the reason why Theorem 4 is a generalization of Le's result, as we can make a version of Le's result that works for nonseparable Banach spaces.
Indeed, let X be a nonseparable Banach space, S ∈ B(X) and M ⊆ X an infinite-dimensional separable closed subspace. Suppose that ker * (S) ⊆ M is dense in M . Hence, we have that S is M -invariant.
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Suppose now that there exists A 1 : ker * (S) → ker * (S) such that A 1 satisfies conditions (1) and (2) of Le's Criterion. Since S is M -invariant, the operator S M : M → M is well-defined. Hence, taking X := M , T := S M e A := A 1 on Le's Criterion, then we have that T = S M is N -hypercyclic for every subspace N that have finite codimension in M -which means that S is N -hypercyclic for these subspaces as well. Not only that, Le noticed in his paper [6] that an operator that satisfies (i) and (ii) on Theorem 5 is hypercylic. Since S M satisfies both conditions, then S M is hypercyclic. Hence S is also M -hypercyclic.
Therefore, we can obtain this "easy" generalization of Le's theorem. With that in mind -and the fact that every operator that satisfies this "general version" of Le's theorem is M -invariant (as showed above), we have this easy example to show that our Theorem 4 is, as said before, a proper generalization for nonseparable spaces: Example 1. Let X = ℓ ∞ and T = 2B, where B is the widely known backward shift operator on ℓ ∞ . Let M = {(a n ) : a n → 0 and a 2n = 0}. It is clear that M is separable and a closed subspace of ℓ ∞ . Note that T isn't M -invariant, hence it doesn't satisfy the general version of Le's Criterion.
We have that ker * (T ) ∩ M is clearly dense in M . Therefore, if F is the forward shift operator on ℓ ∞ , taking A = 2 −1 F and (m k ) k≥1 = (2k) k≥1 , we have that A and (m k ) k≥1 both satisfy the four conditions of Theorem 4. Hence, T is M -hypercyclic.
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